HOMOTOPY ON SPATIAL GRAPHS AND GENERALIZED 
SATO-LEVINE INVARIANTS 



RYO NIKKUNI 



Abstract. Edge-homotopy and vertex-homotopy are equivalence relations on 
spatial graphs which are generalizations of Milnor's link-homotopy. Fleming 
and the author introduced some edge (resp. vertex)-homotopy invariants of 
spatial graphs by applying the Sato-Levine invariant for the constituent 2- 
component algebraically split links. In this paper, we construct some new 
edge (resp. vertex)-homotopy invariants of spatial graphs without any restric- 
tion of linking numbers of the constituent 2-component links by applying the 
generalized Sato-Levine invariant. 



1. Introduction 

Throughout this paper we work in the piecewise hnear category. Let G be a finite 
graph. An embedding / of G into the 3-sphere S"^ is cahed a spatial embedding of 
G or simply a spatial graph. We call the image of / restricted on a cycle (resp. 
mutually disjoint cycles) in G a constituent knot (resp. constituent link) of /, 
where a cycle is a graph homeomorphic to a circle. A spatial embedding of a planar 
graph is said to be trivial if it is ambient isotopic to an embedding of the graph 
into a 2-sphere in S^. A spatial embedding / of G is said to be split if there exists 
a 2-sphere S in S'^ such that S fl /(G) — and each connected component of S"^ — S* 
has intersection with f{G), and otherwise / is said to be non-splittable. 

Two spatial embeddings of G are said to be edge-homotopic if they are trans- 
formed into each other by self crossing changes and ambient isotopies, where a self 
crossing change is a crossing change on the same spatial edge, and vertex-homotopic 
if they are transformed into each other by crossing changes on two adjacent spa- 
tial edges and ambient isotopies. These equivalence relations were introduced by 
Taniyama |17| as generalizations of Milnor's link-homotopy on oriented links [12j . 
namely if G is a mutually disjoint union of cycles then these are none other than 
link-homotopy. It is known that edge (resp. vertex)-homotopy on spatial graphs 
behaves quite differently than link-homotopy on oriented links. Taniyama intro- 
duced the a-invariant of spatial graphs by taking a weighted sum of the second 
coefficient of the Conway polynomial of the constituent knots [16]. By applying 
the a-invariant, it is shown that the spatial embedding of as illustrated in Fig. 
1.11 (1) is not trivial up to edge-homotopy, and two spatial embeddings of 3 as 
illustrated in Fig. 11.11 (2) and (3) are not vertex-homotopic. Note that each of 
these spatial graphs does not have a consituent link. On the other hand, some in- 
variants of spatial graphs defined by taking a weighted sum of the third coefficient 
of the Conway polynomial of the constituent 2-component links were introduced 
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by Taniyama as Z2-valued invariants if the linking numbers are even |18j . and by 
Fleming and the author as integer-valued invariants if the linking numbers vanish 
[Ij. By applying these invariants, it is shown that each of the spatial graphs as 
illustrated in Fig. 11.21 (1) and (2) is non-splittable up to edge-homotopy, and the 
spatial graph as illustrated in Fig. 11.21 (3) is non-splittable up to vertex-homotopy. 
Note that each of these spatial graphs does not contain a constituent link which is 
not trivial up to link-homotopy. 




(1) (2) (3) 

Figure 1.1. 




(1) (2) (3) 

Figure 1.2. 

Our purpose in this paper is to construct some new edge (resp. vertex)-homotopy 
invariants of spatial graphs without any restriction of linking numbers of the con- 
stituent 2-component links by applying a weighted sum of the generalized Sato- 
Levine invariant. Here the generalized Sato-Levine invariant I3{L) = (3{Ki,K2) 
is an ambient isotopy invariant of an oriented 2-component link L = Ki U K2 
which appears in various ways independently [1] , [Ij , [10] , [11] , , [T3| and can be 
calculated by 

/3(L) = asiL) - lk(L) {02(^^1) + 02(^^2)} , 

where denotes the i-th coefficient of the Conway polynomial and lk(L) = lk(ii'i , K2) 
denotes the linking number of L. It is known that the original Sato-Levine invari- 
ant (i{L) [13] coincides with 03 (i) if lk(L) = [3], [TS]. Thus in this case we have 
that I3{L) = (3{L). As a consequence, our invariants are generalizations of Fleming 
and the author's homotopy invariants of spatial graphs defined in [4]. 

This paper is organized as follows. In the next section, we show some formulas 
about the generalized Sato-Levine invariant of oriented 2-component links needed 
later. In section 3, we give the definitions of our invariants and state their invariance 
up to edge (resp. vertex)-homotopy. In section 4, we give some examples. 
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2. Some formulas about the generalized Sato-Levine invariant 

We first show the change in the generahzed Sato-Levine invariant of oriented 
2-component hnks which differ by a single self crossing change. 

Lemma 2.1. Let = J^UK and L_ = J_UA' be two oriented 2-component links 
and Lq = J1UJ2UK an oriented 3-component link which are identical except inside 
the depicted regions as illustrated in Fig. \2.1\ Suppose that lk(L_|_) = lk(L_) — m. 
Then it holds that 

(3{L+) - ^(L_) = lk(X, J,) {m - lk(X, J,)} {i = 1, 2). 




Figure 2.1. 



We remark here that this formula has already known (see [TTl Theorem 8.7] for 
example), but we give the proof again for readers' convenience. 

Proof. By the skein relation of the Conway polynomial and well-known formulas 
for the first coefficient of the Conway polynomial of an oriented 2-component link 
(cf. [S]) and for the second coefficient of the Conway polynomial of an oriented 
3-component link (cf. [6], [5], 0), we have that 

(2.1) a2iJ+) - a2iJ-) = lk(Ji,J2), 

(2.2) a3{L+) ~ a3{L-) - lk(Ji, J2)lk(J2, if) + lk(J2, X)lk(Ji, if ) 

+lk(Ji,if)lk(Ji, J2). 

Note that 

(2.3) \k{Ji,K)+lk{J2,K)=m. 
Thus by (1^ . ((^ and ([^ . we have that 

/3(L+)-^(i_) = a3{L+)-m{a2{J+)+a2{K)}-a3{L^)+m{a2{J-) + a2{K)} 
= a3{L+) - a3(L_) - m{a2{J+) - a2{J-)} 
= lk(Ji, J2) {to - lk(Ji, if )} + lk(J2, if )lk(Ji, if ) 
+lk(Ji, if )lk(Ji, J2) - mlk(Ji, J2) 

= lk(J2,if)lk(Ji,if). 

Therefore by (|2.3p we have the result. □ 
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Next we investigate the change in the generahzed Sato-Levine invariant of ori- 
ented 2-component hnks which differ by inverting the orientation on one of the 
components. The original definition imphes that the value of the Sato-Levine in- 
variant does not depend on the orientation of each component. But the value of 
the generalized Sato-Levine invariant depends on it in general. 

Theorem 2.2. Let L = Ji (J J2 be an oriented 2-component link with lk(L) = m. 
Let L' = (— Ji) U J2 be the oriented 2-component link obtained from L by inverting 
the orientation of Ji . Then it holds that 

P{L)-P{L') = ^{m^ ~m). 

Proof. Let Tm and be two oriented 2-component links as illustrated in Fig. 12.21 
By a direct calculation we have that ]k{Tm) = rn, Ik(T^) = —m and 

(2.4) a3(r„,) = ^(TO^-m), 

(2.5) a.iTj = 0. 



m full twists 




Figure 2.2. 

By the classification of oriented 2-componcnt links up to link-homotopy [12j , we 
have that L and Tm are transformed into each other by self crossing changes and 
ambient isotopies. Namely there exists a sequence of oriented 2-component links 
L — Lq, Li, . . . , Lk~i, Lk — Tm such that Li is obtained from by a single self 
crossing change (i = 1, 2, . . . , k). Let Mi = Xg*'' U /C^*'' U k'^'^ be the oriented 
3-component link obtained from Li_i by smoothing it on where K^^ and 
are actual separated parts (i — 1,2, ... ,k). Namely we have the upper part of a 
skein tree as follows. 

(2.6) L ^ Li ^ L2 s ^ Lk-i ^Tm, 




Ml M2 ••• Mk^i Mk 

We define a sign of Ci as follows: e{ci) = 1 if Ci changes a positive crossing into a 
negative crossing and —1 if Ci changes a negative crossing into a positive crossing. 
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Since Ik(Li) = m (i = 1, . . . , fc), we have that 
(2.7) lk(X«,if«)+lk(i^^^^f)-m 
for i = 1, 2, . . . , fc. Then by dM]), (gH) and JlJl), we have that 
fc 

az{L) = a^{T„,)+^e{c^)a2{Mi) 

+lk(if X«)lk(i^«, X«) + lk(if«, X«)lk(if«, if «)} 

= 1 (^3 _ ^) ^ ^ e(cO( {m - lk(X«, if«)} lk(X«, if «) 



1=1 

+lk(if if «)lk(if if f) + lk(ifi^ if^'Olk(ifi^ i^i' 

(2.8) = -(m^ _™) + ^e(c,){mlk(iff\if(''Vlk(<\4'^)lk(if^^\i^f^)}. 

In the same way as above, we have that L' and are transformed into each 
other by self crossing changes and ambient isotopies and obtain the following skein 
tree from (|2.6p immediately: 



(2.9) L' 



L' 



Li 



fc-i 



■T' 



ML 



K 



We also denote M/ = if'J,*^Uif'^'^Uif'^*\ where K'f and K'f are actual separated 
parts obtained by smoothing L[_i on (i = 1, 2, . . . , fc). Note that 

(2.10) e(c,) = e(c^, 

(2.11) 



lk(iff\if(^^) = lk(if'f\if'^*)), 
(2.12) lk(if^'\ifp^)lk(if(*\if(''') = lk(if'^'\if'f^)lk(if'^'\iff^) 

for i = 1, 2, . . . , fc. Then by (I23|), dSl]), ((TTU)) . (pUj) and ((TT^ . we have that 

fc 



a3(i') 



(2.13) 



a3(T;„)+^e(cDa2(M;) 

1=1 

£(c:){ - mlk(if , if 1^^) + lk(if if '«)lk(if if '«)} 

i=l 

^ £(c.){ - mlk(iff \ iff ) + lk(if «, if «)lk(if «, if «)}. 



i=l 
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(2.14) a2(Ji) + a2(J2) = ^ e(c,)lk(if «, 



On the other hand, by ()2.6p we can see easily that 

k 
i=l 

By combining (j^ . ([^1^ and ([^l^ . we have that 

k 



1 

(L)-a3(L') = -(m3-m) + 2m^£(c,)lk(i^f\i^^'^) 

(2.15) = i(m3-m) + 2m{a2(Ji) + a2(J2)}. 

o 

Then by ((2?T5)) . we have that 

/3(L)-/3(L') = a3(i)-m{a2(Ji) + a2(J2)}-a3(i')-"i{a2(-Ji)+ 02(^2)} 

= a^{L)-a^{L')-2m{a2{Ji) + a2{J2)} 

1/ 3 ^ 
= — m — m). 

This completes the proof. □ 

Remark 2.3. Let / be a spatial embedding of a graph G and 7, 7' two dis- 
joint cycles of G. By Theorem [23 if lk(/(7), 7(7')) = 0, ±1 then the value of 
P{f{l)i lil')) does not depend on the orientation of 7(7) and 7(7'), namely it is 
well-defined. But if lk(/(7), 7(7')) 7^ 0, then Theorem 12.21 implies that the value 
of P{f{l)i f{l')) have the indeterminacy arisen from a choice of the orientations of 
/(7) and /(7')- 

3. Definitions of invariants 

From now onward, we assume that a graph G is oriented, namely an orientation 
is given for each edge of G. For a subgraph H of G, we denote the set of all cycles 
of H by T{H). For an edge e of H, we denote the set of all oriented cycles of H 
which contain the edge e and have the orientation induced by the orientation of e 
by TeiH). For a pair of two adjacent edges e and e' of H, we denote the set of 
all oriented cycles of H which contain the edges e and e' and have the orientation 
induced by the orientation of e by Te.e'iH). We set Z„ — {0, 1, . . . , rt — 1} for a 
positive integer n and Zq = Z. We call a map u : r(_ff) — > Z„ a weight on T{H) 
over Z„. Then we say that a weight lo on T(H) over Z„ is weakly balanced on an 
edge e if 

^(7) = (mod n), 

and weakly balanced on a pair of adjacent edges e and e' if 

"^(7) = (mod n). 

7er,,,,(H) 

Let G = Gi U G2 be a disjoint union of two graphs, uji a weight on r(Gi) over 
Z„ (i = 1,2) and / a spatial embedding of G. Then we say that a weight uJi is 
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null-homologous on an edge e of Gi with respect to f and ujj (i ^ j) if 
Ik I ^^(7)/(7),/(7')] =0 (modn) 

for any 7' G V[Gj) with LOj{'^') 7^ 0, and null-homologous on a pair of adjacent 
edges e and e' of Gi with respect to f and ujj [i ^ j) if 

Ik I ^^(7)/(7),/(7')] ^0 (modn) 

for any 7' e r(G-,) with uj,j{'^') ^ 0. 

Example 3.1. Let G = Gi UG2 be the graph as iUustrated in Fig. 13.11 We denote 
the cycle U of Gi by 7^ . Let uji be the weight on r(Gi) over Z defined by 

{1 (7 = 712, 734) 
-1 (7 = 723, 714) 
(otherwise) , 

and W2 the weight on r(G2) over Z defined by Ci.'2(7') ~ 1- Let / be the spatial 
embedding of G as illustrated in Fig. 13.11 Note that 



and 



Tei (Gi) = {712, 713, 714} = {ei +62, 61-63, 61 + 64} 



^^1(7)7 = (ei + 62) - (61 + 64) = 62 - 64. 

7er,i(Gi) 
Then we have that 

Ik I ^1 (7)/(7), Hi) I = Ik (/(62 - 64), /(7')) = 0. 

\7er.i(Gi) / 

Therefore uoi is null-homologous on 61 with respect to / and 0^2 • 






Figure 3.1. 
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Example 3.2. Let G = Gi UG2 be the graph as iUustrated in Fig. 13.21 We denote 
the cycle of Gi which contains Ci and Cj (1 < «, j < 4) by 7^. Let loi be the weight 
on r(Gi) over Z defined by 

{1 (7 = 714, 723) 
-1 (7 = 713, 724) 
(otherwise) , 

and UJ2 the weight on r(G2) over Z defined by ijJ2{'i') = f. Let / be the spatial 
embedding of G as illustrated in Fig. 13.21 Note that 



and 



Tei, 65(^1) = {713,714} = {ei + 65 - 63 - 66, ei + 65 - 64 - 65} 



^^1(7)7 = -(ei + 65 - 63 - 66) + (61 + 65 - 64 - 66) = 63 - 64. 



7er,i,,,(Gi) 
Then we have that 

Ik I J2 ^i(7)/(7), /(7') I = Ik (/(e3 - 64), f{j')) = 0. 

Therefore uji is null-homologous on a pair of adjacent edges 61 and 65 with respect 
to / and LU2. 



©5' 



62 




63 



^4 





Go 




Figure 3.2. 



Now let G = Gi U G2 be a disjoint union of two graphs, LOt a weight on r(Gi) 
over Z„ [i ~ 1, 2) and / a spatial embedding of G. For 7 G r(Gi) and 7' G r(G2), 
we put 

^(/(7),/(7')) = ^("^'-"^) 

where m = lk(/(7), 7(7')) under arbitrary orientations of 7 and 7'. Then we define 
that 

??..,,..(/) =gcdM/(7),/(7')) l7er(Gi), 7'er(G2), ^.1(7)^2(7') ^ O (modn)}, 

where gcd means the greatest common divisor. Note that f]^i^uj2 if) is a well-defined 
non-negative integer which does not depends on the choice of orientations of each 
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pair of disjoint cycles. Then we define (3uji,ui2{f) G by 



E (mod gcd{n, ,7^,,^, (/)}). 

7er(Gi) 
^'er(G2) 



Here we may calculate Pifij), f{l')) under arbitrary orientations of 7 and 7'. 

Remark 3.3. (1) For an oriented 2-component link L, is not a link-homotopy 
invariant of L. Thus /3aji,(^2(/) may be not an edge (resp. vertex)-homotopy invari- 
ant of / as it is. See also Remark 14.61 

(2) By Theorem[23 the value of /3(/(7), fin')) is well-defined modulo ?7(/(7), /(7')). 
This is the reason why we consider the modulo fj^^^^^[f) reduction. 

Then, let us state the invariance of Puji,uj2 up to edge (resp. vertex)-homotopy 
under some conditions on graphs and its spatial embeddings. 

Theorem 3.4. (1) Ifuji is weakly balanced on any edge ofGi and null-homologous 
on any edge of Gt with respect to f and ujj (i = 1,2, i ^ j), then I3^^_uj2{f) o,"^ 
edge-homotopy invariant of f. 

(2) Ifuji is weakly balanced on any pair of adjacent edges ofGi and null-homologous 
on any pair of adjacent edges of Gi with respect to f and loj (i — 1,2, i ^ j), then 
Pu)i,u)2{f) ^•s vertex-homotopy invariant of f . 

Proof. (1) Let / and g be two spatial embeddings of G such that g is edge-homotopic 
to /. Then it holds that 



(3.1) fiuj,,u;2{f) = Voj,,u;2{9) 



because the linking number of a constituent 2-component link of a spatial graph 
is an edge-homotopy invariant. First we show that if / is transformed into g by 
self crossing changes on f{Gi) and ambient isotopies then f3ui,uj2{f) = /3wi,i^2 (s)- 
It is clear that any link invariant of a constituent link of a spatial graph is also 
an ambient isotopy invariant of the spatial graph. Thus we may assume that g is 
obtained from / by a single crossing change on /(e) for an edge e of Gi as illustrated 
in Fig. 13.31 Moreover, by smoothing on this crossing point we can obtain the spatial 
embedding hoiG and the knot Jh as illustrated in Fig. 13.31 Then by p.ip . Lemma 
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12.11 and the assumptions for uji , we have that 

u;i(7V2(7'){/3(/(7),/(7'))-^(ff(7),5(7'))} 



T'er(G2) 



7'6r(G2) 



^ u;i(7)^2(7')lk(/i(7'), A) {lk(/(7), /(Y)) " lk(/i(7'), A)} 

T'er(G2) 

^2(7')jlk(M7'),A) E '^i(7)lk(/(7),/(7')) 

Er(G2) I 76re(Gi) 

- '^i(7)lk(M7'),^/04 
7er,(Gi) J 

= Y '^2(7')|lk(M7'),A)lk[ Y '^i(7)/(7),/(7')) 
7'6r(G2) I \7er»(Gi) / 

-Mh{i),JHf[ Y ^1(7) I I 

\7er,(Gi) / J 
= (mod gcd{n,fy^i^^2 (/)}). 

Therefore we have that Puji,uj2{f) — /3ui,w2(ff)- I'^ the same way we can show that if 
/ is transformed into g by self crossing changes on /(G'2) and ambient isotopies then 
(^2(/) = /^oji 1^2(9)- Thus we have that 13^^^ uj2if) edge-homotopy invariant 
of /. ' 



f(G2) 




f(e) 





9(G2) 




g(e) 





h(G2) h(e) 




Figure 3.3. 



(2) By considering the triple of spatial embeddings as illustrated in Fig. 13.41 we 
can prove (2) in a similar way as the proof of (1). We omit the details. □ 
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f(G2) f(e) f(e') 9(G2) g(e) g(e') 

OQX) OQX) 

f 9 

h(G2) h(e") 

OQ)0 

h 

Figure 3.4. 

Remark 3.5. In particular, if it holds that 

c.i(7V2(7')lk(/(7),/(7'))-0 

for any 7 e r(Gi) and 7' G T[G2), then (3u)i,u2{f) coincides with Fleming and the 
author's invariant Puji,uj2{I) defined in 

4. Examples 

Let G be a planar graph which is not a cycle. An embedding p : G ^ §^ is said 
to be cellular if the closure of each of the connected components of — p{G) on 

is homeomorphic to the disk. Then we regard the set of the boundaries of all 
of the connected components of §^ — p{G) as a subset of r(G) and denote it by 
rp(G). We say that G admits a checkerboard coloring on §^ if there exists a cellular 
embedding p : G ^ §^ such that we can color all of the connected components of 
§^ — p(G) by two colors (black and white) so that any of the two components which 
are adjacent by at least one edge have distinct colors. We denote the subset of rp(G) 
which corresponds to the black (resp. white) colored components by T^p{G) (resp. 
Fp (G)). Then, for any edge e of G, there exist exactly two cycles 7 S Fp(G) and 
7' e Fp (G) such that e C 7 and e C 7'. Thus we have the following immediately. 

Proposition 4.1. Let G he a planar graph which is not a cycle and admits a 
checkerboard coloring on with respect to a cellular embedding p : G . Let 

uip be the weight on F(G) over Z„ defined by 

r 1 (7 G r^(G)) 

u;p(7)=<^n-l (7er-(G)) 

[0 (^6r(G)-Fp(G)). 

Then tOp is weakly balanced on any edge of G. 

We call the weight tOp in Proposition 14.11 a checkerboard weight. Moreover, by 
giving the counter clockwise orientation to each ^(7) for 7 e Fp(G) and the clock- 
wise orientation to each ^(7) for 7 6 F™(G) with respect to the orientation of 
an orientation is given for each edge of G naturally. We call this orientation of G 
a checkerboard orientation over the checkerboard coloring. Since the orientation of 
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each edge e is coherent with the orientation of each cycle 7 £ ^p{G) which contains 
e, by Theorem 13.41 we have the following. 

Theorem 4.2. Let G = Gi U G2 be a disjoint union of two planar graphs such 
that Gi is not a cycle and admits a checkerboard coloring on §^ with respect to a 
cellular embedding pi : G —> §^ {i — 1,2). Let tOp. be the checkerboard weight on 
r(Gi) over Z„ {i = 1,2). We orient G by the checkerboard orientation of Gi over 
the checkerboard coloring (i — 1,2). Then, for a spatial embedding f of G, if u>i is 
null-homologous on any edge of Gi with respect to f and luj (z = 1, 2, i ^ j), then 
Pu}i,uj2{f) (mod n) is an edge-homotopy invariant of f . 

Example 4.3. Let G = Gi U 6*2 be a disjoint miion of two planar graphs as 
in Theorem 14.21 and / a spatial embedding of G. Let ujp. : r(Gi) Z„ be the 
checkerboard weight (i = 1,2), where 

7i = gcd{ik(/(7),/(7')) I 7erp,(Gi), 7'erp,(G2)}. 

Then, for any edge e of Gi and any 7' £ Tp. {Gj) (i ^ j), we have that 

Ik I ^^(7)/(7),/(7')) = E ^.(7)lk(/(7),/(7'))^0 (mod 71). 

\76r,(G.) / 76r,(G,) 

Thus we have that LUi is null-homologous on any edge of Gi with respect to / and luj 
(i = 1, 2, i j). Therefore we have that P^^^ (/) (mod n) is an edge-homotopy 
invariant of /. 

For example, let O4 be the graph with two vertices u and v and 4 edges ei, 62, 63, 64 
each of which joins u and v. We denote the cycle of 04 consists of two edges Ci and 
Cj by jij . Let p : 84 S'^ be the cellular embedding as illustrated in the left-hand 
side of Fig. 14.11 It is clear that O4 admits the checkerboard coloring on with 
respect to p as illustrated in the center of Fig. 14.11 The right-hand side of Fig. 14.11 
shows the checkerboard orientation of 84 over the checkerboard coloring. 




checkerboard checkerboard 
coloring orientation 



Figure 4.1. 

Let G = 84 U 84 be a disjoint union of two copies of 84. For a non-negative 
integer m, let fm and gm be two spatial embeddings of G as illustrated in Fig. 14.21 
Note that 

lk(/m(7),/m(7')) = M9mh),9Tnh')) = Or m 
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for any 7 G r(8|) and 7' G r(04). So wc have that n ~ m. Let LOi : r(84) "Lm be 
the checkerboard weight [i — 1,2). Then, by a direct calculation we can see that the 
constituent 2-component link of fm which has a non-zero generalized Sato-Levine 
invariant is only L — /m (714 U 7(4) and (3{L) — 2. Actually the other constituent 2- 
component link fm{l^l') for 7 S Yp{QX) and 7' g Tp{Q\) is a trivial 2-coniponent 
link or T!^ as illustrated in Fig. 12.21 Thus we have that /3wi,w2(/m) = 2 (mod m). 
On the other hand, we can see that each constituent 2-component link (7m(7 U 7') 
for 7 G Tp{Q\) and 7' G rp(6|) is a trivial 2-component link or T'^. Thus we 
have that /3tJi,w2(5m) = (mod ra). Therefore we have that fm and gm are not 
edge-homotopic if m 7^ 1,2. We remark here that the case of to = has already 
shown by Fleming and the author in [H Example 4.3]. 




Figure 4.2. 

Example 4.4. Let G = 84 U 8| be a disjoint union of two copies of 84 oriented 
in the same way as Example 14.31 and LOi : r(84) Z the checkerboard weight 
{i = 1,2). For 84, we have that 

X! ^^1(7)7 = 62 - 64, ^ ^1(7)7 = ei - 63, 

X! ^1(7)7 = 64-62, ^ ^1(7)7 = 63 - ei. 
7ere3(ei) 7er,,(ei) 

This implies that loi is null-homologous on any edge of Gi with respect to a spatial 
embedding / of G and ^2 if and only if 

(4.1) Ik (/(713), /(7'))) = Ik (/(724), /(7'))) = 

for any 7' G rp(8|). The same condition can be said of uj2- For an integer m, let 
fm be the spatial embedding of G as illustrated in Fig. 14.31 Note that 

lk(/fe(7), fkil')) = lk(/,(7), M7')) = or 1 (fc ^ 

for any 7 G r(84) and 7' G r(8|). Since we can see that uJi satisfies (|4.ip . we 
have that coi is null-homologous on any edge of Gi with respect to fm and ujj (i — 
1,2, i ^ j). Namely /3i^i,uj2 (/m) is an integer- valued edge-homotopy invariant of fm- 
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Then, by a direct calculation we can see that the constituent 2-coniponent link of 
fm which has a non-zero generalized Sato-Levine invariant is only L = /m (714 U 7(4) 
and P{L) = 2m. Actually the other constituent 2-component link fm{l U 7') for 
7 G rp(84) and 7' G rp(64) is a Hopf link. Thus we have that (3uji,uj2[fm) — 2m. 
Therefore we have that and /; are not edge-homotopic for fc ^ /. 



fm(ei) 



fm(e\) 




m full twists 



-m full twists 



Figure 4.3. 



Example 4.5. Let H be the same oriented graph as Gi in Fig. 13.21 We denote 
the cycle of H which contains Ci and Cj by ^ij. Let G = U be a disjoint 
union of two copies of H and fm the spatial embedding of G as illustrated in Fig. 
14.41 This spatial embedding f„i contains exactly one constituent 4-component link 
Lm = /m(7i2 U 734 U 7^2 U 734). By calculating Milnor's fi-invariant [12] of length 
4 of Lm, it can be shown that and /; are not vertex-homotopic for fc 7^ /. But 
we can also prove this fact by our vertex-homotopy invariant as follows. Let lo be 
the same weight on T{H) over Z as cui in Example 13.21 We define the weight oji of 
r(ff*) over Z in the same way as w (i = 1,2). It is easy to see that oJi is weakly 
balanced on any pair of adjacent edges of {i = 1, 2). Moreover, we have that 
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7er,^,e6(Jf) 
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This implies that lui is null-homologous on any pair of adjacent edges of with 
respect to a spatial embedding / of G and 0^2 if and only if 

(4.2) Ik (/(712), /(7'))) = Ik (/(734), /(V))) = 

for any 7' S T{H^) and 0^2(7') 7^ 0. The same condition can be said of ^2- Then 
we can see that LOi satisfies ()4.2|) for /„, namely Ui is null-homologous on any 
edge of Gi with respect to and ujj {i — 1,2, i ^ j). Namely /?i^i,c^2 (/m) is a 
vertex-homotopy invariant of /m. Since the linking number of each constituent 2- 
component hnk of is or ±1, we have that f]^^^ujAjm) = 0. Namely P^i^ujzifm) 
is integer- valued. By a direct calculation we have that ^^^-^^^^2 ifm) — 2m in the same 
way as Example 14.41 Therefore we have that fk and /; are not vertex-homotopic 
for k^l. 




m full twists 



-m full twists 



Figure 4.4. 

Remark 4.6. In Theorems 13.41 and 14. 2[ the condition "ojj is null-homologous on 
any edge of Gi with respect to / and ujj {i ~ 1,2, i ^ j)" is essential. Let 
G = O4 U 84 be a disjoint union of two copies of Q4 oriented in the same way as 
Example 14.41 and oji : r(04) Z the checkerboard weight {i = 1,2). Let / and 
g be two spatial embeddings of G as illustrated in Fig. 14.51 Note that / and g 
are edge-homotopic. But by a direct calculation we have that Pw^.^^if) — ~1 ^-i^d 
$1^1,(^2(9) = 0; namely f3uii,uj2if) is not an edge-homotopy invariant of /. Actually 
wi is not null- homologous on 64 with respect to / and lu2. 
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